In investigating whether an intervention has an effect on survival, we exploit the flexibility of weighted logrank tests for constructing optimal tests sensitive to specified patterns of changes in the ratios or differences of the hazards as a function of time. The tests presented seem appropriate if either the intervention on trial imposes changes in life style, such as a diet modification or an exercise regimen, or if the effect of therapy itself is limited in duration, such as in the case of drugs for AIDS that may induce drug resistant viruses. For such problems, we postulate no difference between the hazards of the two groups initially, increased discrepancies as time goes on, and an eventual leveling-off of the discrepancies in hazards perhaps due to compliance problems or to adoption of the behavior change under study by individuals in the control group. We suggest a quadratic weight function for such problems and show how to evaluate the power of the proposed tests as well as their efficiency relative to other logrank tests. Other uses of quadratic weight functions, for example for evaluating effects with lag times, and for some parametric procedures are also described. Additive and multiplicative models are presented and both discrete and continuous times are considered.
Introduction
We wish to compare two groups with respect to survival, focusing on tests that are appropriate when the ratio or difference of the hazards increases with time at the start of the experiment and then plateaus or declines. For example, if changes in life styles are required by an intervention, compliance problems or a gradual adoption of some of these changes by the control group produce an eventual decline in the ratio or in the difference of the hazards. In their analysis of zidovudine (AZT) treatment of AIDS, Volberding et al. (1994) suggest that a transient effect of treatment on survival may be due to resistant viruses emerging after prolonged therapy. The class of weighted logrank tests can be used for providing tests sensitive to such alternatives. Section 2 describes an underlying model based on the approach of Fleming and Harrington (1991) . Section 3 applies the model to the problem of transient improvement, and Section 4 illustrates the approach on a study evaluating the usefulness of screening for breast cancer. Section 5 evaluates the efficiency and robustness of the proposed tests relative to other logrank tests. Section 6 suggests implications to testing AZT-like drugs, to lag models, and to parametric procedures.
Weighted Logrank Tests

Background
We consider two groups labeled i. = 1 and i = 2, with ni subjects assigned to group i, followed up to a known maximum time r. It is assumed that the responses of the different subjects are independent and that individual k in group i has a latent failure time Tik with distribution function Fi and a latent censoring time Uik < T, k = 1, . . . , ni, i = 1, 2. We assume that Tik either has a density fi(t) with a hazard hi(t) = fi(t)/[l -Fi(t)], 0 < t < T (the continuous case) or that Tik can take on a finite number of known values S1, S2, ... SM (the discrete case). These latent variables Tik and Uik are assumed to satisfy the condition of independent censoring in the sense that, in the discrete case, pi(tj) = P(Tik = t I Tik >tj) = P(Tik = tj Tik > tj, Uik > tj)
(1) (Fleming and Harrington, 1991, p. 30) , while in the continuous case, for small 6, P(s < Tik < s? 8 Tik > s) -P(s < Tik < s?+ I Tik > S, Uik > S) (Fleming and Harrington, 1991, p. 27 ). The joint distribution of the variables Tik and Uik determines rli(t), the probability that an individual in group i is at risk at time t, i.e., has neither failed nor been censored prior to time t. Although these earlier papers limit attention to weights nonincreasing in time, a restriction that still apparently persists in development of statistical software, more recent work also considers increasing weights. Gray and Tsiatis (1989) extend the range of ,3 in the definitions of the two families of weights above and set 3 = -1 in both families to test against an alternative of a cure. Zucker and Lakatos (1990) propose increasing weights to test against an alternative with a lag time, and Self et al. (1988) propose W(t) = t for a dietary intervention study, to be described below. Weights with an inverted U shape, which is the focus of this paper, have been mentioned by Harrington and Fleming (1982) and indirectly by Self (1991) , who considers the family W(t) = tO(r -t)4'. Self's adaptive weighted logrank test chooses W(t) to maximize statistics of the form (3) over 0 < qS < 5 and -1 < i < 5.
For the continuous case, assuming that loss time and failure time are independent, Schoenfeld (1981) gives the asymptotic power of weighted logrank tests based on (3). He shows that the optimal weights are given by the log of the ratio of the hazards. Fleming and Harrington (1991) give general formulas for the limiting power of tests based on (3) against a sequence of Pitman alternatives, valid for both the discrete and continuous case. We use their approach because it requires estimation only under the null hypothesis, yields power formulas for both the discrete and continuous case, and is useful for calculating relative efficiencies. For exposition here, the word hazard refers to hi (t) for the continuous case and to pi (t) for the discrete case.
The Additive and Multiplicative Models
Consider a sequence of Pitman alternatives to Ho indexed by n = ni + n2, with nl/n converging to a given p. The superscript (n) in i-(n) (t), h(n) (t), and p(n) (t) shows the dependence of the corresponding functions for group 2 on n. Let r(at) = lim For continuous time, let h(t) denote the unknown hazard function for the control group. We consider two particular families of sequences of hazard functions for the intervention group, depending on a known ca(t), with 0 < a(t) < 1 for 0 < t < T, and c(t') = 1 for some t', 0 < t' < r. The family termed the multiplicative model assumes that the hazards for the second group is
while the family termed the additive model assumes
h (n2) (t) = h (t) + a (n) c,(t) .(6
For both families, we assume that, as n -? 0o,
where, under the alternative, 0 < 1 < Ko. Each family has an analogous form for the discrete case with hazards replaced by conditional probability of failure, so that equation ( 
02 =j
W2(u)l (u)h(u) du, where -y(t) = c(t) for the multiplicative model and 'y(t) = c(t)/h(t) for the additive model.
The asymptotic power of the test, among test statistics of the form (3), is maximized for W(t) = W*(t) =y(t) (Fleming and Harrington, 1991, p. 271).
For the discrete case, Integrating yields a* (t) .17t(1 -.0206), so that a(t) a*(t)/a*(10) = .126t(1 -.0208t), 0 < t < T = 10.
Thus, the optimal weighted logrank test has a quadratic weight function W*(t) = t(1 -.021t). This is a slight modification of the simple weight W(t) = t suggested by Self et al., but it uses the assumptions made in their power calculations and suggests a procedure that may play a larger role in other studies. The second example, from Shapiro (1977) , describes a study, conducted to evaluate the effect of screening for breast cancer, in which approximately 61,000 women were randomized to either a control group or to an intervention group. Women in the intervention group were offered breast cancer screening exams for the first 3 years, while those in the control group were not. Women were followed for 10 years and the occurrence and mortality due to breast cancer monitored.
The mortality data, given by Aron and Prorok (1986), were subsequently presented in tabular form in Self (1991) and Self and Etzioni (1995) , with a line plot of the points given in Etzioni and Self (1995, p. 1589). In evaluating mortality, we note that deaths occurring early in the study may be due to cancer that was quite advanced at the time of the initial screening, while deaths toward the end of the study may have been due to cancer undetectable at a much earlier screening. Thus, it is reasonable to assume that the inverse of the hazard ratio will first increase, then hit a plateau at some time, and eventually decline. Figure 1 shows the type of transient effect of interest here by plotting the inverse of the odds ratio against years of follow-up and fitting the data using locally weighted least squares (Cleveland, 1981) .
We propose a test for a hypothetical future screening study that assumes that, if screening were to have an effect, the plot of the hazard ratio against time would have a shape similar to that in Figure 1 , a(t) being similar, although the magnitude of the effect given by 0(') could differ. In addition to specifying equal hazards at time 0, we require the investigators to specify two critical time points: a time B > r at which the hazards are again equal and a time t' at which the ratio or difference in the hazards reaches its maximum or minimum. By these constraints, the function a(t), introduced in equations (5) and (6), must satisfy a(0) = a(B) =0, a'(t') = 0. Here, we satisfy these constraints by joining two quadratic functions given by (t (2 -t)(t ' 2tl)I(B _ tl)2, t/ < t < B.
(0
We will comment briefly below on adopting other weights that satisfy these constraints. Table 1 ). We also evaluate the power for tests based on nonoptimal weights. Setting t' to 1.5 or 3.5 in (10) yields practically the same power as the optimal test, while setting t' to 4.5 or 5.5 yields powers of .726 and .713, respectively. 
(The curve was fit using the LOWESS procedure, as implemented in SYSTAT (1992), based on a tension of .7 and adding the point (0,1).) (1991). Using the weights W(tj) -o(tj -0.5)/[1 -p(tj)], where a (t) is given in (10
Efficiency and Robustness For the continuous case, the efficiency of a test with weight W(t) relative to the optimal test with weight W*(t) is [Zucker and Lakatos
H t(u)W*2(u) h(u) du j HI(u) W2 (u)h(u) du
To illustrate the gain in using the optimal weighted logrank test, as compared to the logrank with constant weight or with linearly increasing weight, we calculate E, assuming the multiplicative model holds for a(t) given by (10), 0 < t < 1 = T, with t' = B/2 and either a(t) = 4t(1 -t), (B = 1, t' = 0.5) or a(t) = t(2 -t), (B = 2, t' = 1). For simplicity of calculations, we assume that H(t) = e-`7t, where 7 will be large enough so that H(t) < 1 -F(t) for 0 < t < T. For h(t) = c, T = 1, and selected pairs of B and A, the efficiencies obtained are as in Table 1 . Thus, there is little loss of efficiency when the optimal weight over 0 < t < 1 is t(2 -t) and the investigator uses a weight of t. Efficiency falls if the optimal weight over 0 < t < 1 is t(1 -t) and the investigator uses a weight of t or if an unweighted test is used and there is much censoring.
We also use (11) 
which is maximized at t' = B0/(1 + t). Figure 2 shows four different curves of the family (12) as dotted lines, superimposed on the joined quadratic, (10). Two functions were selected for h(t):
h(t) = kt, which is fairly consistent with the breast cancer screening data, and h(t) = c. As in the screening study, we assumed a fairly slow decline in time in the proportion of patients at risk with H(t) = e-.06t. Substituting these values in (11) yields the efficiencies of the test based on W(t) relative to the optimal test and are as in Table 2 . This example suggests that the test is robust to a slight misspecification of the parameters. Within the family of curves that peaked at .25 < t' < .50, the greatest loss in efficiency for both postulated baseline hazards occurred when a(t) t(l -t)3, which, as noted in Figure 2 , declines more rapidly than the joined quadratic, even though t' was the same. There was a modest loss in efficiency if a(t) = 1 and a large loss if a(t) were linearly increasing.
Discussion
We have shown two potential areas of application for the procedure described in this paper. The example from the Women's Health Study indicates that, when the effect depends on past behavior changing in a linear manner, integration leads to a quadratic weight (9). In the application exemplified by the breast cancer screening trial and the trial on AIDS described below, the proposed statistical test is based on information furnished by a previous study and relies somewhat on the robustness of the test statistic to slight misspecifications of that model. The data from the breast cancer screening has been analyzed by Self (1991) using an adaptive weighted logrank test and by Self and Etzioni (1995) using a spline-based likelihood ratio test, in which the likelihood ratio is minimized subject to smoothing constraints so that it is analogous to a two degree of freedom test. Both these tests would be expected to be more robust to substantial departures from the anticipated pattern. A proposal of a referee cited by Self and Etzioni (1995) to model the log odds ratio as a quadratic, constrained so that the odds ratio at time 0 is 1, falls conceptually somewhere between our proposed method and that of Self and Etzioni.
We have chosen function (10) to satisfy the constraints a(O) = a(B) = O a/(t') = 0. In evaluating robustness, we noted the constraints were also satisfied by the functions given in (12). Function (10) has a continuous first, but not second, derivative, while (12) is smoother. We prefer (10) to (12) because we feel it is easier for the investigator to specify the pair (B, t') than the triplet (B, O, tb) . In practice, the value B need not be the same for both functions because the behavior of derivatives near B and 0 are very different for a(t) given by (10) and (12).
It is possible to apply the approach suggested here to staggered entry, where the failure and censoring times are measured from each subject's time of entry into the study. The only effect is a reduction in the values for Hfi(t) with a consequent decrease in power. , who evaluate the durability of AZT-induced delay in time to progression to AIDS or death in asymptomatic patients with HIV disease. They conclude that, while the drug is effective, the effect "appears to last for no more than two years in most patients." Their model assumes that, if there is a differential drug effect, it will be maximized at t = 0. In contrast, our model based on (5) or (6) and (10) postulates an initial increase in relative risks, with the maximum occurring at t' > 0. Their plots of survival appear to support our model, though it is difficult to make definitive statements about hazards based on the plots. Under our model, a logrank test with weight W(t) = t(2-t), 0 < t < 2, can be used to detect the beneficial effect of a future drug with a similar pattern of response as AZT, even if the emergence of drug-resistant viruses would limit the effectiveness after about 2 years. Lan and Wittes (1994) suggest that the decreased effects of an intervention over time could be due to heterogeneity with respect to severity of illness, so that, for example, the treated group at The second example concerns comparison of two linear hazard functions (Kodlin, 1967) , h1 (t)= A + (t and h2(t) = A + (( + 0)t, (A, ( > 0). These hazards are related by the additive model (6) withla(t) = t/r. The optimal weight is W* (t) = t/(A + (t), which is monotone increasing in t and approaches an asymptotic limit of -1. 6.4 Optimality Under Arbitrary Censoring For discrete time, the observations on an individual can be identified with a path in a discrete time Markov chain (Fix and Neyman, 1951 ). Here we have two absorbing states, failure (state 1) and censoring (state 2), and a state 0, corresponding to being in the risk set. As in (1), pi(tj) is taken to be the transition probability from state 0 to state 1 at tj for group i. Models (5) and (6) connect p2(tj) with pi (tj) but do not specify the transition probabilities corresponding to censoring for either group; these can be arbitrary, whether Ho: ( = 0 holds or not. From the observations on the two independent Markov chains, one can construct a locally asymptotically most powerful test (Co test) (Neyman, 1959) for testing Ho. The calculations are analogous to those in Berger (1983) and show that the test statistic based on (3) with weights W*(t) given at the end of Section 2 is, even under unequal censoring, an asymptotically most powerful test. suivi. Nous suggerons une ponderation quadratique pour de tels problems, et montrons comment evaluer la puissance des tests proposes, ainsi que leur efficacite relative par rapport 'a d'autres tests du logrank. D'autres utilisations de ponderations quadratiques sont aussi decrites, par exemple pour evaluer des effets avec temps de latence, et pour certaines procedures parametriques. Des mode'les additifs et multiplicatifs sont presents et les cas de temps discret ou continu sont considers.
